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GENERALISED EULER CHARACTERISTICS OF SELMER
GROUPS
SARAH LIVIA ZERBES
Abstract. Let E be an elliptic curve defined over a number field F , and let
p be a prime ≥ 5. In this paper we study the structure of the Selmer group
of E over p-adic Lie extensions F∞ of F . In particular, under certain global
and local conditions on F∞ we relate the generalised Gal(F∞/F )-Euler char-
acteristic of Sel(E/F∞) to the generalised Euler characteristic of the Selmer
group over the cyclotomic Zp- extension of F . This invariant generalises the
classical Euler characteristic to the case when rankZ E(F ) > 0. Moreover, we
show that the global and local conditions on F∞ are satisfied for a large class
of p-adic Lie extensions of F .
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2 SARAH LIVIA ZERBES
1. Introduction
1.1. Statement of the main results. The study of the Euler characteristics of
Selmer groups of motives over p-adic Lie extensions is a first step towards un-
derstanding exact formulae in non-commutative Iwasawa theory. The aim of the
present paper is to generalise the results in [21], in which the motive in question is
an elliptic curve of rank zero, to the case of general rank. The results are part of
the author’s Cambridge PhD thesis [22].
Let F be a finite extension of Q and p any prime number ≥ 5. Write F cyc for
the cyclotomic Zp-extension of F , and put Γ = Gal(F
cyc/F ). Let F∞ be a Galois
extension of F , and write Σ = Gal(F∞/F ). We shall assume throughout that F∞/
F is an admissible p-adic Lie extension, by which we mean that it satisfies: (i) Σ is
a p-adic Lie group, (ii) the extension F∞ is unramified outside a finite set of primes
of F , (iii) F∞ ⊃ F cyc, and (iv) Σ has no element of order p. Such admissible p-adic
Lie extensions are omnipresent in in arithmetic geometry. For example, if V is a
finite dimensional vector space over Qp of dimension n on which Gal(F/F ) acts
continuously, then the splitting field F∞ = F∞(V ) is such an admissible p-adic Lie
extension under rather mild hypotheses, e.g. (i) V is unramified outside a finite set
of primes of F , (ii) the determinant of F s some power of the cyclotomic character
giving the action of Gal(F/F ) on the group µp∞ of p-power roots of unity, and
(iii) p > n + 1 with n ≥ 2. By a basic result of Lazard [14] and Serre [18], Σ has
finite p-cohomological dimension, which is equal to its dimension d as a p-adic Lie
group. If X is any discrete p-primary Σ-module, we say that X has finite Σ-Euler
characteristic if Hi(Σ, X) is finite for all i, and when this is the case, then we define
χ(Σ, X) =
∏
i≥0
(
#Hi(Σ, X)
)(−1)i
Now let E be an elliptic curve defined over F , and write Sel(E/F∞) for the classical
Selmer group of E over F∞, endowed with its natural left action of Σ. Assume for
the rest of the paper that E is ordinary at p in the sense that E has good ordinary
reduction at all places v of F divising p. Our results depend on the analogue of
Mazur’s conjecture for the extension F∞/F which is made in [2] and which we now
explain. For any compact p-adic Lie group G, write Λ(G) = Zp[[G]] for the Iwasawa
algebra of G (see Section 1.2). Put H = Gal(F∞/F
cyc), and let MH(Σ) denote the
category of all finitely generated Λ(Σ)-modules M such thatM/M(p), whereM(p)
denotes the p-primary submodule of M , is a finitely generated Λ(H)-module. Let
C(E/F∞) = Hom
(
Sel(E/F∞),Qp/Zp
)
,
endowed with its natural left Λ(Σ)-module structure. Then it is conjectured in [2],
and proven in some special cases, that we always have C(E/F∞) ∈MH(Σ).
The essential change of hypotheses from our previous paper [21] is that we now
assume that we no longer assume that the group E(F ) of F -rational points on E
is finite (but we do assume that the p-primary subgroup X(E/F )(p) of the Tate-
Shafarevich group of E over F is finite). Thus it is no longer true that Sel(E/F∞)
has finite Σ-Euler characteristic once E(F ) is infinite. Instead, we have to consider
the generalised Σ-Euler characteristic of Sel(E/F∞) (see Section 2.3), whose defi-
nition depends essentially on our hypothesis that F cyc ⊂ F∞. We can also consider
the generalised Γ-Euler characteristic of E over F cyc, whose value has been com-
puted by the fundamental work of Perrin-Riou [15] and Schneider [17]. In order to
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relate these two generalised Euler characteristics, we have to impose the following
two hypotheses on the extension F∞ over F :
• (Finglob) Hi(H,Ep∞(F∞)) is finite for all i ≥ 0.
• (Finloc) For any prime v of F dividing p, Hi(Hw, E˜v,p∞(k∞,w)) is finite for
all i ≥ 0.
We discuss below a general class of admissible p-adic Lie extensions for which
(Finglob) and (Finloc) will be proven to hold.
Theorem 1.1. Let F be a finite extension of Q, E an elliptic curve defined over F
and p a prime ≥ 5. Let F∞ be an admissible p-adic Lie extension of F with Galois
group Σ = Gal(F∞/F ). Assume that (i) X(E/F )(p) is finite, (ii) E is ordinary
at p and (iii) C(E/F∞) ∈ MH(Σ). Also, assume that both (Finglob) and (Finloc)
hold. Then Sel(E/F∞) has finite generalised Σ-Euler characteristic if and only if
Sel(E/F cyc) has finite generalised Γ-Euler characteristic, and if this is the case,
then
(1) χ
(
Σ, Sel(E/F∞)
)
= χ
(
Γ, Sel(E/F cyc)
)× ∣∣∣ ∏
v∈M
Lv(E, 1)
∣∣∣
p
.
Here, M is the set of primes of F not dividing p whose inertia group in Σ is infinite,
and for a prime v ∈M, Lv(E, s) denotes the Euler factor of E at v.
Remark. If Sel(E/F ) is finite, then as shown in [6], C(E/F cyc) is a Λ(Γ)-torsion
module and Sel(E/F cyc) has finite Γ-Euler characteristic. Also, the assumption
that C(E/F∞) ∈ MH(Σ) implies that C(E/F∞) is Λ(Σ)-torsion (c.f. Proposi-
tion 2.4) and C(E/F cyc) is Λ(Γ)-torsion (c.f. Lemma 2.6), so Theorem 1.1 is indeed
a generalisation of Theorem 1 in [21].
We show in Section 5 below that the conditions (Finglob) and (Finloc) are satisfied
for a large class of p-adic Lie extensions of F . Assume that F∞ is the fixed field of
the kernel of some continuous representation
ρ : Gal(F¯ /F ) ✲ V
of Gal(F¯ /F ) on some finite dimensional Qp-vector space V . For a prime v of F
dividing p, denote by ρv the restriction of ρ to Gal(F¯v/Fv). LetH = Gal(F∞/F
cyc),
and denote by Lie(H) its Lie algebra.
Theorem 1.2. [(i)]
(1) If LieH is reductive, then (Finglob) is satisfied.
(2) Suppose that for every prime v of F dividing p, the representation ρv is de
Rham and the eigenvalues of Frobenius on
(V ⊗Qp Bst)Gal(F¯v/Fv)
are Weil numbers of the same parity (c.f. Section 5). Here, Bst denotes
Fontaine’s ring of periods. Then (Finloc) is satisfied.
Acknowledgements: I am very grateful to John Coates for his support and
encouragement during my PhD and for his interest in my work. I also thank David
Loeffler and the referee for their careful reading of the manuscript.
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1.2. Notation. For a field F , which will always be a finite extension of either Q
or Ql for some finite prime l, we denote by F¯ its algebraic closure. Given a finite
set S of primes of F , let FS be the maximal extension of F contained in F¯ which
is unramified outside S. For an extension L of F contained in FS , we write GS(L)
for the Galois group Gal(FS/L).
For an odd prime p, denote by µp∞ the group of p-power roots of unity of F¯ .
Let F cyc be the cyclotomic Zp-extension of F , which is the unique Zp-extension of
F contained in F (µp∞). Denote the Galois group of the extension F
cyc/F by Γ.
If G is a compact p-adic Lie group, define its Iwasawa algebra Λ(G) to be the
completed group ring
Λ(G) = lim←−Zp[G/U ],
where U runs over all open normal subgroups of G.
For an abelian group M and m ∈ N, let Mm be the subgroup of M whose
elements are annihilated by m. Given a prime p, define the p-Tate module of M to
be the inverse limit
TpM = lim←−Mpn .
If M is p-primary with the discrete topology, then the Pontryagin dual
M∨ = Homcts(M,Qp/Zp)
of M is a compact pro-p abelian group.
Let G be a profinite group and M a G-module. Write MG for the G-invariants
of M . If M is a discrete p-primary G-module, then the induced action of G on M∨
is given by
(σf)(x) = f(σ−1x)
for all σ ∈ G. If M is a discrete G-module, then Hi(G,M) denotes the ith coho-
mology group formed by continuous cochains.
For a number field F and a finite prime v of F , denote by Fv the completion of
F at v. If L is an algebraic extension of F and w a prime of L above v, then Lw is
the union of the completions at w of all finite extensions of F contained in L. For
an elliptic curve E defined over F , denote by cv the Tamagawa factor of E at v,
which is defined as
cv = [E(F ) : E0(F )],
where E0(F ) denotes the subgroup of points of E(F ) which have non-singular
reduction. Let Lv(E, s) be the local Euler factor of E at v. If E has good reduction
at v, then E˜v denotes the reduction of E mod v.
2. Preliminaries
2.1. The Selmer group. Let S be a finite set of primes of F containing all the
primes dividing p, all the primes where E has bad reduction and all the primes of
F which ramify in F∞. Note that the choice of S implies that F∞ ⊂ FS . Let L be
a finite extension of F contained in FS . For each finite place v of F , define
Jv(L) =
⊕
w|v
H1(Lw, E)(p),
where w runs over all primes of L dividing v. Let L¯w be an algebraic closure of Lw.
By choosing an embedding L¯ ⊂ L¯w, we can consider Gal(L¯w/Lw) as a subgroup of
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Gal(L¯/L), so we get the localisation map
(2) λS(L) : H
1(GS(L), Ep∞)→
⊕
v∈S
Jv(L).
induced by restriction.
For an infinite algebraic extension K of F contained in FS , define
Jv(K) = lim−→Jv(L),
where L runs over all finite extensions of F contained in K and the inductive limit
is taken with respect to the restriction maps. Also, define
λS(K) = lim−→λS(L).
The following theorem is well-known (c.f. Section 2.2 in [5]).
Theorem 2.1. Let K be an extension of F contained in FS. Then Sel(E/K) is
given by the exact sequence
0→ Sel(E/K)→ H1(GS(K), Ep∞)→
⊕
v∈S
Jv(K).
In particular, Sel(E/F∞) is given by
(3) 0→ Sel(E/F∞)→ H1(GS(F∞), Ep∞) λS(F∞)✲
⊕
v∈S
Jv(F∞).
2.2. The category MH(Σ). In [14], Lazard has proven the following important
result.
Theorem 2.2. Let G be a pro-p p-adic Lie group with no element of finite or-
der. Then the Iwasawa algebra Λ(G) is left and right Noetherian and has no zero
divisors.
Let R be an open pro-p subgroup of Σ. Then Theorem 2.2 implies that Λ(R)
has a skew field of fractions K(R) (c.f. Chapter 9 in [9]).
Definition 2.3. For a finitely generated Λ(R)-module M , define
rankΛ(Σ)M =
1
[Σ : R]
dimK(R)M ⊗Λ(R) K(R).
Then M has rank 0 if and only if it is a torsion Λ(Σ)-module.
It is a simple (but crucial) observation that MH(Σ) is a subcategory of the
category of finitely generated torsion Λ(Σ)-modules.
Proposition 2.4. Let M ∈MH(Σ). Then M is a torsion Λ(Σ)-module.
Proof. It is clearly sufficient to show thatM/M(p) is a torsion Λ(Σ)-module, so we
assume without loss of generality that M is finitely generated over Λ(H). If M is
not a torsion Λ(Σ)-module, then rankΛ(Σ)M > 0, so M contains a copy of Λ(Σ).
But H is not of finite index in Σ, so Λ(Σ) is not finitely generated over Λ(H), giving
the required contradiction. 
Together with the main result of Section 3.3 in [21] we obtain the following result,
which will be important in Section 4.3.
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Proposition 2.5. Suppose that E has either good ordinary or split multiplicative
reduction at all primes of F dividing p. If C(E/F∞) ∈ MH(Σ), then we have a
short exact sequence
0 ✲ Sel(E/F∞) ✲ H1(GS(F∞), Ep∞)
λS(F∞)✲
⊕
v∈S
Jv(F∞) ✲ 0.
Here, S and Jv(F∞) are defined as in Section 2.1.
The condition that C(E/F∞) ∈MH(Σ) also has the following important conse-
quence.
Lemma 2.6. If C(E/F∞) ∈MH(Σ), then C(E/F cyc) is Λ(Γ)-torsion.
Proof. If C(E/F∞) ∈ MH(Σ), then as shown in [2], Sel(E/F∞)H is a cotorsion
Λ(Γ)-module. Applying the snake lemma to the commutative diagram in Section 4.2
shows that if F∞ is admissible, then the kernel and cokernel of the natural map
Sel(E/F cyc) ✲ Sel(E/F∞)H
are finitely generated Zp-modules, which finishes the proof. 
2.3. Generalised Euler characteristics. LetD be a discrete p-primary Γ-module.
Then we have
H0(Γ, D) = DΓ,
H1(Γ, D) = DΓ,
and hence there is an obvious map
φD : H
0(Γ, D) ✲ H1(Γ, D),
f ✲ residue class of f.
For a discrete p-primary Σ-module X , define
d0 : H
0(Σ, X) = H0(Γ, XH)
φ
XH✲ H1(Γ, XH) →֒ H1(Σ, X),
where the last map is given by inflation. Similarly, for i ≥ 1, define
di : H
i(Σ, X)։ H0(Γ, Hi(H,X))
φ
Hi(H,X)✲ H1(Γ, Hi(H,X)) →֒ Hi+1(Σ, X),
where the first map is given by restriction. Note that this map is surjective since
cdp(Γ) = 1. For convenience, define d−1 to be the zero map. It is not difficult to
see that (Hi(Σ, X), di) forms a complex. Denote its homology groups by Hi.
Definition 2.7. The Σ-module X has finite generalised Σ-Euler characteristic if
Hi is finite for all i ≥ 0. We then define
χ(Σ, X) =
∏
i≥0
#H
(−1)i
i .
Note that this definition agrees with the usual definition of (Σ, X) if the groups
Hi(Σ, X) are finite for all i. In this paper, we will only encounter the case when
H0(Σ, X) and H1(Σ, X) are infinite and Hi(Σ, X) is finite for all i ≥ 2. In this
case, X has finite generalised Σ-Euler characteristic if and only if the map d0 has
finite kernel and cokernel, and then
χ(Σ, X) =
#ker(d0)
# coker(d0)
×
∏
i≥2
(#Hi(Σ, X))(−1)
i
.
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To see why this is a useful generalisation of the classical Σ-Euler characteristic,
recall the definition of the Akashi series that first appeared in [6] (though not under
this name) and was further studied in [2].
Definition 2.8. Let M ∈ MH(Σ). Then Hi(H,M) is a torsion Λ(Γ)-module for
all i ≥ 0. Let gM,i be its characteristic element, and define the Akashi series of M
to be the alternating product
fM =
∏
i≥0
g
(−1)i
M,i .
Note that fM is only defined mod Λ(Γ)
∗.
Remark. [(i)]
(1) If M is a finitely generated torsion Λ(Γ)-module, then its Akashi series is
the same as its characteristic element.
(2) If X is a discrete p-primary Σ-module such that M = X∨ ∈MH(Σ), then
we call fM the Akashi series of X , and by abuse of notation, we denote it
by fX .
Lemma 2.9. If we have a short exact sequence
0→ L→M → N → 0
in MH(Σ), then fM = fNfL.
Proof. See Lemma 4.1 in [6]. 
LetM∨ be the Pontryagin dual ofM . The following proposition gives a relation
between fM and the generalised Σ-Euler characteristic of M
∨.
Proposition 2.10. Let X be a discrete p-primary Σ-module such that X∨ ∈
MH(Σ). If X has finite generalised Σ-Euler characteristic, then the leading term
of fX is αXT
k, where k is equal to the alternating sum
k =
∑
i≥0
(−1)i corkZp Hi(H,X)Γ
and
χ(Σ, X) = |αX |−1p .
Remark. This generalizes Lemma 4.2 in [6].
Proposition 2.10 is a direct consequence of the following lemma.
Lemma 2.11. Let X be a finitely generated cotorsion Λ(Γ)-module, and let gX be
a generator of the characteristic ideal of X∨. If the natural map φ : XΓ ✲ XΓ
has finite kernel and cokernel, then gX(T ) = T
rf(t), where f(T ) ∈ Λ(Γ), T ∤ f(T )
and r = corkZp X
Γ = corkZp XΓ, and
#ker(φ)
# coker(φ)
= |f(0)|−1p .
Proof. To simplify notation, let M denote the Pontryagin dual of X , and let ψ be
the natural map ψ :MΓ ✲ MΓ. Assume that φ has finite kernel and cokernel. By
duality, this implies that the kernel and cokernel of ψ are also finite, and #ker(φ)# coker(φ) =
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#coker(ψ)
# ker(ψ) . Now M is Λ(Γ)-torsion, so using the structure theorem for finitely
generated Λ(Γ)-modules, we have a pseudo-isomorphism
M ∼=
n⊕
i=1
Λ(Γ)/(gi(T ))
for some gi(T ) ∈ Λ(Γ), where we can use the non-canonical identification of Λ(Γ)
with the power series ring over Zp in one variable. We define the map ψ ‘component-
wise’, so we can without loss of generality assume that M = Λ(Γ)/(g(T )). If
g(0) 6= 0, then M/TM is finite, so as shown in Lemma 4.2 in [10], both MΓ and
MΓ are finite, and the result is immediate. Suppose that g(0) = 0, and write
g(T ) = T nf(T ), where f(T ) ∈ Λ(Γ) and T ∤ f(T ). Now MΓ is the kernel of
the map ×T : M ✲ M , which is given by multiplication by T , so MΓ is the
submodule generated by T n−1f(T ) + (T nf(T )). Also, we have MΓ = M/TM ,
which is equal to Λ(Γ)/(T ) since n ≥ 1. Now Λ(Γ)/(T ) ∼= Zp, and the map ψ is
given by
ψ :MΓ ✲ MΓ,
h(T ) + (T nf(T )) ✲ h(0).
It follows that if both ker(ψ) and coker(ψ) are finite, then we must have n = 1, so
in fact ker(ψ) = 0 and #coker(ψ) = [Zp : f(0)Zp] = |f(0)|−1p . 
Proof of Proposition 2.10. Recall that the map di is given by
(4) di : H
i(Σ, A) ✲ Hi(H,A)Γ
φi✲ Hi(H,A)Γ →֒ Hi+1(Σ, A).
It is not difficult to see that if A has finite generalised Σ-Euler characteristic, then
φi has finite kernel and cokernel for all i ≥ 0. A careful analysis of the maps in (4)
shows that
#G0 = #ker(φ0), and
#Gi = #ker(φi)# coker(φi−1)
for all i ≥ 1, where as before Gi = ker(di)/Im(di−1). The proof is now immediate
from Lemma 2.11. 
As shown in [16] the maps di can also be constructed as follows.
Lemma 2.12. Let c be a generator of H1(Γ,Zp). The the map di is given by
di : H
i(Σ, A) ✲ Hi+1(Σ, A),
f ✲ f ∪ c.
The following result will be useful.
Lemma 2.13. Let φ : A ✲ B be a homomorphism of discrete p-primary Σ-
modules, and assume that φ has finite kernel and cokernel. Then A has finite
generalised Σ-Euler characteristic if and only if B does, and if this is the case, then
χ(Σ, A) = χ(Σ, B).
Proof. We can assume without loss of generality that ker(φ) = 0, so we have a short
exact sequence of Σ-modules
0 ✲ A ✲ B ✲ C ✲ 0,
GENERALISED EULER CHARACTERISTICS OF SELMER GROUPS 9
where C is finite. Taking Σ-cohomology, for all i ≥ 0 the long exact sequence gives
homomorphisms
Hi(Σ, A) ✲ Hi(Σ, B),
which have finite kernel and cokernel since C is finite. These maps are compatible
with the maps in the construction of the complex giving the generalised Σ-Euler
characteristic, so it follows that A has finite generalised Euler characteristic if and
only if so does B. By the multiplicativity of Akashi series in short exact sequences
(c.f. Lemma 2.9), we have
fB = fA × fC .
But fC ∼ 1 since C is finite, so the result follows immediately from Proposition 2.10.

Remark. It is not true that the generalised Σ-Euler characteristic is multiplicative
in short exact sequences. I thank Otmar Venjakob for pointing out to me the
following example: identify Λ(Γ) with the power series ring Zp[[T ]]. Then it is easy
to see that in the short exact sequence
(5) 0 ✲ Λ(Γ)/T
×T✲ Λ(Γ)/T 2 ✲ Λ(Γ)/T ✲ 0
the first and the last non-trivial modules have finite generalised Γ-Euler character-
istic, but the middle one does not.
2.4. The large Selmer group Sel′(E/F cyc). Let S′ be the subset of primes of F
not dividing p which have infinite inertia group in Σ, and let S′′ = S\S′. Define
the large Selmer group Sel′(E/F cyc) by the exact sequence
0 ✲ Sel′(E/F cyc) ✲ H1(GS(F cyc), Ep∞) ✲
⊕
v∈S′′
Jv(F
cyc).
Note. Since Sel′(E/F cyc) depends on the extension F∞, one should write Sel
′(E/F cyc)F∞ ,
but we omit the index to keep the notation as simple as possible.
It is shown in [6] that if C(E/F cyc) is Λ(Γ)-torsion, then Sel′(E/F cyc) and
Sel(E/F cyc) are related by the short exact sequence
(6) 0 ✲ Sel(E/F cyc) ✲ Sel′(E/F cyc) ✲
⊕
v∈S′
Jv(F
cyc) ✲ 0.
The generalised Γ-Euler characteristics of Sel(E/F cyc) and Sel′(E/F cyc) are closely
related.
Lemma 2.14. Suppose that Sel(E/F cyc) is Λ(Γ)-torsion. Then the large Selmer
group Sel′(E/F cyc) has finite generalised Γ-Euler characteristic if and only if Sel(E/F cyc)
does, and if this is the case, then
χ
(
Γ, Sel′(E/F cyc)
)
= χ
(
Γ, Sel(E/F cyc)
)× ∣∣∣ ∏
v∈S′
Lv(E, 1)
∣∣∣
p
.
Proof. By Lemma 2.13 and equation (6), it is sufficient to show that Jv(F
cyc) has
finite Γ-Euler characteristic for all v ∈ S′, and that
χ
(
Γ, Jv(F
cyc)
)
=
∣∣Lv(E, 1)∣∣.
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Shapiro’s lemma gives canonical isomorphisms
H0(Γ, Jv(F
cyc)) ∼= H0(Γv, H1(F cycw , E)(p)),
H1(Γ, Jv(F
cyc)) ∼= H1(Γv, H1(F cycw , E)(p)),
where Γv is the decomposition group in Γ of some fixed prime of F
cyc above v.
Since v ∤ p, Kummer theory shows that
H1(F cycw , E)(p)
∼= H1(F cycw , Ep∞).
Applying the Hochschild-Serre spectral sequence to the extension F cycw of Fv gives
a short exact sequence
(7)
0 ✲ H1(Γv, Ep∞(F cycw )) ✲ H
1(Fv, Ep∞) ✲ H0(Γv, H1(F cycw , Ep∞)) ✲ 0
and an isomorphism
(8) H2(Fv, Ep∞) ∼= H1(Γv, H1(F cycw , Ep∞)).
Since Ep∞(Fv) is finite, local duality implies that H
2(Fv, Ep∞) = 0, so
H1(Γv, H
1(F cycw , Ep∞)) = 0.
Also, it is shown in [5], Lemmas 3.6 and 3.8, that the groups H1(Γv, Ep∞(F
cyc
w ))
and H1(Fv, Ep∞) are finite, and that
#H1(Γv, Ep∞(F
cyc
w )) =
∣∣c−1v × Lv(E, 1)∣∣p,
#H1(Fv, Ep∞) = |cv|−1p ,
which finishes the proof. 
Remark. [(i)]
(1) Since Jv(F
cyc) has finite Γ-Euler characteristic, it follows from Lemma 2.11
that the characteristic element of Jv(F
cyc) has nonzero constant term of
value |Lv(E, 1)|p.
(2) By the multiplicativity of characteristic elements in short exact sequences
(c.f. Proposition 2.9), equation (6) implies that
fSel′(E/F cyc) = fSel(E/F cyc) ×
∏
v∈M
fv,
where for each v ∈M, fv denotes the characteristic element of Jv(F cyc).
3. Local results
For a prime v of F , denote by Hw the decomposition group in H of some fixed
prime w of F∞ above v; note that Hw can be identified with the local Galois group
Gal(F∞,w/F
cyc
w ). Similarly, let Σw = Gal(F∞,w/Fv) and Γv = Gal(F
cyc
w /Fv). We
use the notation introduced in Section 2.1.
3.1. Local Cohomology.
Lemma 3.1. Let v ∈ S′′. Then for all i ≥ 0 there are canonical isomorphisms
Hi(H, Jv(F∞)) ∼=
⊕
w|v
Hi(Hw, H
1(F∞,w, E)(p)).
Proof. Easy consequence of Shapiro’s lemma. 
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Lemma 3.2. If v ∈ S′′ not dividing p, then
Hi(H, Jv(F∞)) = 0
for all i ≥ 0.
Proof. Since the inertia group of v in Σ is finite, it follows that F∞,w is a finite
extension of F cycw . Now by assumption, Σw has no element of order p, so the Galois
group Hw = Gal(F∞,w/F
cyc
w ) is of order prime to p. The result is now immediate
from 3.1. 
Now let v be a prime of F dividing p, and denote by k∞,w the residue field of
F∞,w and by E˜v the reduction of E modulo v.
Lemma 3.3. Let v be a prime of F dividing p and assume that E has good ordinary
reduction at v. Then for all i ≥ 1, there are canonical isomorphisms
Hi(Hw, H
i(F∞,w, E)(p)) ∼= Hi+2(Hw, E˜v,p∞(k∞,w)).
Proof. The extension F∞,w of Fv is deeply ramified in the sense of [3] since it
contains the deeply ramified field F cycw , so there is a canonical isomorphism of Σw-
modules
(9) H1(F∞,w, E)(p) ∼= H1(F∞,w , E˜v,p∞).
Again using Tate local duality, we see that
Hi(F∞,w, E˜v,p∞) = 0
for all i ≥ 2. The lemma now follows from applying Hochschild-Serre for the module
on the right of equation (9) to the extension F∞,w over F
cyc
w . 
3.2. Analysis of the local restriction maps. Recall that we have defined the
local restriction map
γS(F
cyc) =
⊕
w|S′′
γw,
where w runs over all primes of F cyc lying above primes in S′′, and where
γw : H
1(F cycw , E)(p)→ H1(F∞,w, E)(p)Hw .
Lemma 3.4. Let w be a prime of F cyc which divides a prime in S′′ but does not
divide p. Then both ker(γw) and coker(γw) are zero.
Proof. By inflation-restriction, we have
ker(γw) =H
1(Hw, Ep∞(F∞,w)),
coker(γw) =H
2(Hw, Ep∞(F∞,w)).
But Hw is finite of order prime to p, which proves the lemma. 
Lemma 3.5. Let v be a prime of F dividing p, and let w be a prime of F∞ above
v. Then
ker(γw) = H
1(Hw, E˜v,p∞(k∞,w)),
coker(γw) = H
2(Hw, E˜v,p∞(k∞,w)).
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Proof. Both F∞,w and F
cyc
w are deeply ramified in the sense of [3], so we have
isomorphisms
H1(F cycw , E)(p)
∼= H1(F cycw , E˜v,p∞(k∞,w)),
H2(F∞,w, E)(p) ∼= H2(F∞,w, E˜v,p∞(k∞,w)).
The lemma now follows from the inflation-restriction exact sequence. 
4. Global results
Define the following hypotheses:
• (Torscyc) C(E/F cyc) is Λ(Γ)-torsion,
• (Tors∞) C(E/F∞) ∈MH(Σ).
Recall that (Tors∞) implies (Torscyc) by Lemma 2.6. To simplify notation, define
the condition
• (Fin) Both (Finglob) and (Finloc) are satisfied.
4.1. Global cohomology.
Lemma 4.1. Suppose that (Tors∞) holds. Then there are canonical isomorphisms
Hi(H,H1(GS(F∞), Ep∞)) ∼= Hi+2(H,Ep∞(F∞))
for all i ≥ 1.
Proof. By Proposition 6 in [21], we have
Hi(GS(F∞), Ep∞) = 0
for all i ≥ 2. Also, it is well-known that the condition that C(E/F cyc) is Λ(Γ)-
torsion implies thatH2(GS(F
cyc), Ep∞) = 0. The lemma now follows from applying
Hochschild-Serre to the extension F∞ over F
cyc. 
Remark. If Ep∞ is rational over F∞, then we do not need assumption (Tors∞)
(c.f. Theorem 2.10 in [5]).
4.2. Calculation of χ
(
Γ, Sel(E/F∞)
H
)
. In this section, we relate the generalised
Γ-Euler characteristic of Sel(E/F∞)
H to the generalised Γ-Euler characteristic of
Sel′(E/F cyc). Taking H-invariants of (3) gives the commutative diagram
0→Sel(E/F∞)H ✲ H1(GS(F∞), Ep∞)H ψS(F∞)✲
⊕
v∈S
Jv(F∞)
H
0→Sel′(E/F cyc)
α
✻
✲ H1(FS(F cyc), Ep∞)
β
✻
λS(F
cyc)✲
⊕
v∈S′′
Jv(F
cyc)
γS(F
cyc)✻
→ 0
Here, γS(F
cyc) =
⊕
w|S′′ γw(F
cyc), where
γw(F
cyc) : H1(F cycw , E)(p) ✲ H
1(F∞,w, E)(p)
Hw ,
and we write w|S′′ if w is a prime of F cyc dividing a prime in S′′.
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Proposition 4.2. Let F∞ be an admissible p-adic Lie extension of F . Suppose that
the conditions (Fin) and (Torscyc) hold. Then Sel(E/F∞)
H has finite generalised
Γ-Euler characteristic if and only if so does Sel′(E/F cyc), and if this is the case,
then
χ
(
Γ, Sel(E/F∞)
H
)
= χ
(
Γ, Sel′(E/F cyc)
)
.
Proof. Apply the snake lemma to the above commutative diagram to get an exact
sequence of Γ-modules
0 ✲ ker(α) ✲ ker(β) ✲ ker(γ)
✲ coker(α) ✲ coker(β) ✲ coker(γ)
Let A = Sel′(E/F cyc)/ ker(α). Inflation-restriction shows that
ker(β) = H1(H,Ep∞(F∞)),
coker(β) = H2(H,Ep∞(F∞)),
which are finite by assumption. It follows that ker(α) is finite, so by Corollary 2.13
A has finite generalised Γ-Euler characteristic if and only if so does Sel′(E/F cyc),
and then χ(Γ, A) = χ
(
Γ, Sel′(E/F cyc)
)
. We clearly have an exact sequence of
Γ-modules
0 ✲ A ✲ Sel(E/F∞)H ✲ coker(α) ✲ 0.
By Lemma 2.13 it is sufficient to show that coker(α) has finite Γ-Euler characteristic,
and that χ
(
Γ, coker(α)
)
= 1. The map ker(γ) ✲ coker(α) has finite kernel
and cokernel, so it is sufficient to show that ker(γ) has finite generalised Γ-Euler
characteristic, and χ
(
Γ, ker(γ)
)
= 1. Now by Lemmas 3.4 and 3.5, for i = 0, 1 we
have
Hi(Γ, ker(γ)) ∼=
⊕
v|p
Hi(Γv, H
1(Hw, E˜v,p∞(k∞,w))),
where w is a fixed prime of F cyc above v for each prime v of F dividing p. It is
therefore sufficient to show that H1(Hw, E˜v,p∞(k∞,w)) has finite generalised Γv-
Euler characteristic for each v|p, and
χ
(
Γv, H
1(Hw , E˜v,p∞(k∞,w))
)
= 1.
But since we assume that E has good ordinary reduction at all primes of F dividing
p, Hi(Hw, E˜v,p∞(k∞,w)) is finite for all i ≥ 0 by assumption, so clearly
#H1(Hw, E˜v,p∞(k∞,w))
Γv = #H1(Hw, E˜v,p∞(k∞,w))Γv .

4.3. Calculation of χ
(
Σ, Sel(E/F∞)
)
. Recall that by Proposition 2.5, the as-
sumption (Tors∞) implies that we have the short exact sequence
(10) 0 ✲ Sel(E/F∞) ✲ H1(GS(F∞), Ep∞) ✲
⊕
v∈S
Jv(F∞) ✲ 0.
Lemma 4.3. If the conditions (Tors∞) and (Fin) hold, then H
i(H, Sel(E/F∞)) is
finite for all i ≥ 1.
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Proof. Recall that we had defined the map
ψS(F∞) : H
1(GS(F∞), Ep∞)
H ✲
⊕
v∈S
Jv(F∞)
H .
It is easy to see that Im(γ) is contained in Im(ψS(F∞)). It is shown in Lemma 5.2
that coker(γ) is finite, which implies that coker(ψS(F∞)) is finite. Taking H-
cohomology of (10), we get the long exact sequence
0 ✲ coker(ψS(F∞)) ✲ H1(H, Sel(E/F∞)) ✲ H1(H,H1(GS(F∞), Ep∞))
✲ . . . ✲
⊕
v∈S
Hd(H, Jv(F∞)) ✲ 0
Here, d = dim(H) which is equal to the p-cohomological dimesion of H since H
has no element of order p. By Lemmas 4.1 and 3.3, for all i ≥ 1 we have canonical
isomorphisms
Hi(H,H1(GS(F∞), Ep∞)) ∼= Hi+2(H,Ep∞(F∞)),
and
Hi(H, Jv(F∞)) =
{⊕
w|vH
i+2(Hw, E˜v,p∞(k∞,w)) if v|p
0 otherwise
As shown in Lemmas 5.4 and 5.2, these cohomology groups are all finite, so we
deduce that Hi(H,H1(GS(F∞), Ep∞)) and H
i(H, Jv(F∞)) are finite for all i ≥ 1,
which proves the lemma. 
Proposition 4.4. Let d0 be the map
d0 : H
0(Σ, Sel(E/F∞)) ✲ H1(Σ, Sel(E/F∞))
as constructed in Section 2.3. Then under the same conditions as in Lemma 4.3,
d0 has finite kernel and cokernel if and only if Sel
′(E/F cyc) has finite generalised
Γ-Euler characteristic, and then
#ker(d0)
# coker(d0)
=
χ
(
Γ, Sel′(E/F cyc)
)
#H1(H, Sel(E/F∞)))Γ
.
Proof. As shown in Proposition 4.2, the map
f : H0(Γ, Sel(E/F∞)
H) ✲ H1(Γ, Sel(E/F∞)H)
has finite kernel and cokernel if and only if Sel′(E/F cyc) has finite generalised
Γ-Euler characteristic, and then
#ker(f)
# coker(f)
= χ
(
Γ, Sel(E/F∞)
H
)
= χ
(
Γ, Sel′(E/F cyc)
)
.
Since cdp(Γ) = 1, Hochschild-Serre gives the short exact sequence
0 ✲ H1(Γ, Sel(E/F∞)H) ✲ H1(H, Sel(E/F∞)) ✲ H1(H, Sel(E/F∞))Γ ✲ 0.
As shown in Lemma 5.4, H1(H, Sel(E/F∞)) is finite, which implies the result. 
Proposition 4.5. Under the same conditions as in Lemma 4.3 Sel(E/F∞) has
finite generalised Σ-Euler characteristic, and
χ
(
Σ, Sel(E/F∞)
)
= χ
(
Γ, Sel′(E/F cyc)
)
.
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Proof. Since cdp(Γ) = 1, Hochschild-Serre gives exact sequences
0 ✲ Hi−1(Γ, Sel(E/F∞))Γ ✲ Hi(Σ, Sel(E/F∞)) ✲ Hi(H, Sel(E/F∞))Γ ✲ 0
for all i ≥ 2. It follows from Lemma 4.3 that Hi(Σ, Sel(E/F∞)) is finite for all
i ≥ 2. For i ≥ 1, let
hi = #H
i(H, Sel(E/F∞))
Γ.
Since Hi(H, Sel(E/F∞)) is finite for all i ≥ 1, we have
#Hi(H, Sel(E/F∞))
Γ = #Hi(H, Sel(E/F∞))Γ,
and so
#Hi(Σ, Sel(E/F∞)) = hi−1hi
for all i ≥ 2. Hence ∏
i≥2
(#Hi(Σ, Sel(E/F∞)))
(−1)i = h1.
Combining this with Proposition 4.4 shows that Sel(E/F∞) has finite generalised
Σ-Euler characteristic, and
χ
(
Σ, Sel(E/F∞)
)
= χ
(
Γ, Sel′(E/F cyc)
)
.

4.4. Example. Let E = X1(11), which is given by the equation
E : y2 + y = x3 − x2.
Take p = 7 and F = Q(µ7). Note that E is ordinary at 7. Chris Wuthrich has
shown the following result.
Proposition 4.6. C(E/F cyc) is a finitely generated Zp-module of rank 1.
Corollary 4.7. There exists u ∈ Z×p such that the characteristic power series of
C(E/F cyc) is uT .
Corollary 4.8. X(E/F )(7) is finite.
Proof. One can show that rankZE(F ) = 1. It is well-known that there is a short
exact sequence
0 ✲ lim−→E(F )/7
n ✲ Sel(E/F ) ✲ X(E/F )(7) ✲ 0,
so if X(E/F )(7) is infinite, then rankZ7 Sel(E/F ) ≥ 2. Applying the fundamental
diagram (c.f. diagram (16) in [4]) to the extension F cyc of F , one deduces that
the leading term of the characteristic power series of C(E/F cyc) has exponent > 1,
giving a contradiction. 
Letm > 1 be an integer, and consider the extension F∞ = F
(
µ7∞ , 7
∞
√
m
)
, which
is a Galois extension of F with Galois group Σ ∼= Zp ⋊ Zp.
Lemma 4.9. A prime l of F has infinite inertia group in F∞ if and only if l|7m.
Proof. Lemma 3.9 in [11]. 
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Theorems 3.1 and 3.7 in [11] imply that C(E/F∞) ∈MH(Σ), so all the conditions
of Theorem 1.1 are satisfied. Let m = 113. Since 113 = 1 mod 7, 113 splits
completely in F . Note that E has good reduction at each prime v of F above 7
and 113. By definition, we have
Lv(E, s) =
(
1 + avq
−1
v + q
−2
v
)−1
,
where qv is the order of the residue field of Fv and av = qv + 1 − #E˜v(kw). Ex-
plicit calculation shows that av = −2 for v|7 and av = 9 for all v|113, and hence
|Lv(E, 1)|7 = 72 for v|7 and |Lv(E, 1)|7 = 1 when v|113. It therefore follows from
Theorem 1.1 that C(E/F∞) has finite generalised Euler characteristic, and (up to
a unit in Z7)
χ
(
Σ, C(E/F∞)
)
= 78.
5. Global and local finiteness conditions
5.1. The general case. Recall the following conditions:
• (Finglob) Hi(H,Ep∞(F∞)) is finite for all i ≥ 0.
• (Finloc) For any prime v of F dividing p, Hi(Hw, E˜v,p∞(k∞,w)) is finite for
all i ≥ 0.
The aim of this section is the proof of Theorem 1.2, which defines a class of
admissible p-adic Lie extensions of F for which the conditions (Finglob) and (Finloc)
are satisfied. Assume that F∞ is the fixed field of the kernel of some continuous
representation (ρ, V ) of Gal(F¯ /F ) on a finite dimensional Qp-vector space V . For
a prime v of F dividing p, denote by ρv the restriction of ρ to Gal(F¯v/Fv).
Definition 5.1. Let v|p, and let Fq be the residue field of Fv. A Weil number of
weight w ∈ Z with respect to q is an algebraic number all of whose archimedean
absolute values are q
w
2 and its u-adic absolute value is 1 for any non-archimedean
prime u which does not divide p.
Proposition 5.2. Let v be a prime of F dividing p, and let w be a fixed prime of
F∞ above v. Assume that the representation ρv is semistable. Also, assume that
the eigenvalues of the Frobenius endomorphism Φ acting on the filtered module
D(V ) = (Bst ⊗Qp V )Gal(F¯v/Fv)
are Weil numbers of fixed parity. Then Hi(Hw, E˜v,p∞(k∞,w)) is finite for all i ≥ 0.
Proof. If E˜v,p∞(k∞,w) is finite, then the result is immediate. We can therefore
assume that E˜v,p∞ is rational over k∞,w. Let H∞ denote the maximal unram-
ified Zp-extension of F
cyc
w contained in F∞,w, and define the Galois group ∆ =
Gal(H∞/F
cyc
w ). Let H and D denote the respective Lie algebras. Define the Qp-
vector space Vp(E˜) = Tp(E˜)⊗Zp Qp. By Theorem 2.4.10 in Chapter V of [14], it is
sufficient to show that Hi(HQ¯p , Vp(E˜)Q¯p) = 0 for all i ≥ 0, where for a Qp-vector
spaceW , we use the notationWQ¯p =W⊗Qp Q¯p. Let D(V ) = (Bst⊗QpV )Gal(Fv/Fv),
and let i1 ≤ · · · ≤ id denote the Hodge-Tate weights of the natural filtration of
D(V ). Let λ1, . . . , λd denote the eigenvalues of the Frobenius endomorphism Φ
acting on D(V ). By assumption, these eigenvalues are Weil numbers of a fixed par-
ity. Then as shown in [8] there exists an element X ∈ H such that the eigenvalues
of X on VQ¯p are of the form logpi(λ1q
−i1), . . . , logpi(λdq
−id), where the number π is
chosen to be transcendental over Q. This choice guarantees that logpi(z) is nonzero
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for every element z ∈ Q¯p which is algebraic over Q and not a root of unity. Since
the representation of Hw on V is faithful, the eigenvalues {ηi}ni=1 of adHQ¯p (X) are
of the form logpi(λjq
−ij ) − logpi(λkq−ik) for some 1 ≤ j, k ≤ d, so in particular
they can be written as logpi(x), where x is a Weil number of even weight. By the
construction of the element X in [8], it is not difficult to see that the image of the
projection of X in DQ¯p is nonzero, so its action on Vp(E˜)Q¯p is non-trivial. It is
well-known that the eigenvalue µ of this action is of the form logpi(x), where x is
a Weil number of weight 1, i.e. it is of absolute complex value q
1
2 . It follows that
µ − (ηj1 + · · · + ηjk) is of the form logpi(κ), where κ is a Weil number of complex
absolute value m/2 with m an odd integer. In particular, we have
µ− (ηj1 + · · ·+ ηjk) 6= 0
for all choices 1 ≤ j1 < · · · < jk ≤ n, so the representation of HQ¯p on Vp(E˜)Q¯p
satisfies Serre’s criterion. As shown in [8], this implies that
Hi(HQ¯p , Vp(E˜)Q¯p) = 0
for all i ≥ 0, which completes the proof. 
To prove Theorem 1.2, it remains to show that (Finglob) is satisfied. We start
by proving the following lemma.
Lemma 5.3. Let F be a finite extension of Q, E an elliptic curve defined over F
and p an odd prime. Let F∞ be a p-adic Lie extension of F which contains the
cyclotomic Zp-extension. If Ep∞ is not rational over F∞, then Ep∞(F∞) is finite.
Proof. Suppose that Ep∞(F∞) is infinite. Assume first that E does not have
complex multiplication. If Ep∞(F∞) has Zp-corank equal to 1, then Vp(E) =
Tp(E)⊗ZpQp has a 1-dimensional Gal(F¯ /F )-invariant subspace. However, as shown
in [19], the Galois group of F (Ep∞) over F is an open subgroup of GL2(Zp), so the
representation of Gal(F¯ /F ) on Vp(E) is irreducible, which gives the required con-
tradiction. Assume now that E has complex multiplication. We first show that the
p-torsion points of E are rational over F∞. Let ∆ = Gal(F∞(Ep)/F∞). It is well-
known that the order of ∆ is prime to p (cf. [15]). By assumption, Ep(F∞) 6= 0. By
choosing a suitable Z/pZ-basis of Ep, we get an isomorphism of ∆ with a subgroup
of GL2(Z/pZ) consisting of matrices of the form
(
1 x
0 1
)
, where x ∈ Z/pZ. But if
x 6= 0, then
(
1 x
0 1
)
generates a subgroup of order p. It follows that ∆ is trivial and
hence Ep is rational over F∞. It is shown in [15] that Gal(F (Ep∞)/F ) ∼= Zp × Zp.
Note that F (Ep∞) contains F
cyc by the Weil pairing. Let K∞ denote the extension
of F generated by Ep∞(F∞). Then Gal(K∞/F ) ∼= Zp×Z/pnZ for some n ≥ 0. It is
shown in [7] that Ep∞(F
cyc) is finite, so K∞ and F
cyc intersect in a finite extension
of F . It follows that F (Ep∞) = K∞F
cyc, which proves the proposition. 
Proposition 5.4. Let F be a finite extension of Q and p a prime ≥ 5. Let F∞ be
an admissible p-adic Lie extension of F with Galois group Σ = Gal(F∞/F ), and let
H = Gal(F∞/F
cyc). Assume LieH is reductive. Let E be an elliptic curve defined
over F . Then Hi(H,Ep∞(F∞)) is finite for all i ≥ 0.
Proof. If Ep∞ is not rational over F∞, then as shown in Lemma 5.3, Ep∞(F∞) is
finite. Recall the following result from [20], Section 4.1: If G is a pro-p p-adic Lie
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group and M a finite p-primary discrete G-module, then Hi(G,M) is finite for all
i. Since Ep∞(F∞) is finite, this proves the proposition when H is pro-p. Suppose
that H is not pro-p. Fix an open normal pro-p subgroup G of H . Since G is pro-p,
Hi(G,Ep∞(F∞)) is finite for all i ≥ 0. The finiteness of the Hi(H,Ep∞(F∞)) now
follows from the Hochschild-Serre spectral sequence
Hp(H,Hq(G,Ep∞(F∞)))⇒ Hp+q(H,Ep∞(F∞)).
Suppose now that Ep∞ is rational over F∞. Let H denote the Lie algebra of
H , and let Vp(E) = Tp(E) ⊗Zp Qp, where Tp(E) denotes the Tate module of Ep∞ .
To prove the proposition, it is sufficient to show that Hi(H, Vp(E)) = 0 for all
i ≥ 0. Let J = Gal(F (Ep∞)/F cyc) and I = Gal(F∞/F cyc). To simply notation,
write J = Lie J and J′ = Lie I. Since H is reductive, it is easy to see that we have
H ∼= J′ × J. Now Hi(J, Vp(E)) = 0 for all i ≥ 0 (the case when E has complex
multiplication is a direct consequence of Imai’s theorem [13], and the non-CM case is
shown in the appendix of [7]). Since in particular H0(J, Vp(E)) = 0 and J
′ ∼= H/J,
applying the Hochschild-Serre spectral sequence to the ideal J of H finishes the
proof. 
5.2. A special case. When the p-adic Lie extension is generated by the points
of p-power order on an abelian variety, then we can analyse the local cohomology
groups in more detail. The aim of this section is to show that for such an extension
the condition (Finloc) is satisfied, without using the results in [8].
Let E be an elliptic curve and A an abelian variety, both defined over F , and
assume that both A and E have either good ordinary reduction at the the primes
of F dividing p. Let F∞ = F (Ap∞), Σ = Gal(F∞/F ), H = Gal(F∞/F
cyc) and
Γ = Gal(F cyc/F ).
Let v be a prime of F dividing p and let w be a prime of F cyc above v. We split
the proof of (Finloc) up into two propositions. The first one of these propositions is
only important here because its proof gives on a detailed study of the local Galois
group Hw which we need in order to show that (Finloc) is satisfied.
Proposition 5.5. Let v be a prime of F dividing p, and let w be a prime of F cyc
dividing v. Assume that A has good ordinary reduction at v. Then
H0(Hw,Qp/Zp) ∼= H1(Hw,Qp/Zp) ∼= Qp/Zp
as Γv-modules, and H
i(Hw,Qp/Zp) is finite for all i ≥ 2.
Remark. Observe that to prove the finiteness of Hi(Hw,Qp/Zp) for i ≥ 2, it is
sufficient to show that Hi(R,Qp/Zp) is finite for some open normal subgroup R
of Hw, i.e. we can replace Fv by any finite Galois extension which is contained in
F∞,w. Let M∞ be the maximal unramified extension of F
cyc
w contained in F∞,w,
and define the Galois groupsM = Gal(F∞,w/M∞) and ∆ = Gal(M∞/F
cyc
w ). Then
F∞,w is a finite extension of the unique unramified Zp-extension of F
cyc
w , so ∆
is isomorphic to the direct product of Zp with some finite abelian group of order
prime to p. By the previous remark, we can without loss of generality assume that
∆ ∼= Zp. Let δ be topological generator of ∆. As shown in [10], we have
M ≤ Hom(Tp(A˜), Tp(Aˆ))(11)
= Hom(Tp(A˜),Hom(Tp(A˜d),Zp))(12)
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where the equality comes from the Weil pairing and the observation that Hw acts
trivially on the p-power root of unity. Here, Ad denotes the dual abelian variety;
note that Ad is isogenous to A over F¯v. It is easy to see that the action of δ
on Hom(Tp(A˜), Tp(Aˆ)) is diagonizable over Q¯p, and the eigenvalues are {λ−1i λ−1j },
where the λi are the eigenvalues of Ω. As shown in [10], the λi are p-adic units
and Weil numbers of absolute complex value q1/2, where q is the cardinality of
the residue field of Fv. Since M is a δ-invariant subspace of Hom(Tp(A˜), Tp(Aˆ)),
the action of δ on M is also diagonizable. If Φ denotes the matrix representing
this action with respect to some fixed Zp-basis of M , then it follows that the
eigenvalues {αk} of Φ are contained in {λ−1i λ−1j }, so in particular they are p-
adic units and Weil numbers of absolute complex value q−1. Now clearly Φ ∈
GLn(Zp). Since 1 +Mn(pZp) is an open subgroup of GLn(Zp), we may without
loss of generality assume that Φ ∈ 1+Mn(pZp) (if necessary, replace Fv by a finite
extension contained in F cycw ). Note that then the eigenvalues of Φ are elements of
1 +m, where m is the maximal ideal in the ring of integers of F¯v.
Proof. Let Fnrv denote the unramified Zp-extension of Fv. It is then clear from the
above discussion that (up to a finite extension) F cycw F
nr
v is the maximal abelian
subextension of F cycw contained in F∞,w, so H
1(Hw,Qp/Zp) ∼= Qp/Zp, which is an
isomorphism of Γv-modules since F
cyc
w ∩ Fnrv = Fv.
Observe that Hi(Hw,Qp/Zp) is finite if and only if H
i(Hw,Qp) = 0. Let H
denote the Lie algebra of H . Then Hi(Hw,Qp) is a Qp-subspace of H
i(H,Qp), so it
is sufficient to show that Hi(H,Qp) = 0 for all i ≥ 2. Denote by D and M the Lie
algebras of ∆ andM , respectively. It is easy to see that D = Qp andM = Q
N
p , both
with trivial Lie bracket. Since M is a normal subgroup of Hw, it follows that M is
an ideal of H, and we have a canonical isomorphism D ∼= H/M. Since dim(D) = 1,
for all i ≥ 2 Hochschild-Serre [12] gives short exact sequences
(13) 0 ✲ H1(D, Hi−1(M,Qp)) ✲ Hi(H,Qp) ✲ Hi(M,Qp)D ✲ 0.
Here, the action of D on M is given by the adjoint representation
ad : H ✲ End(M),
which factors though D since M is abelian. The idea now is to relate this action to
the action by conjugation of Hw on M , which factors though ∆ since M is abelian.
As observed above, M is isomorphic to QNp with the normal vector addition. If
m1, . . . ,mN is a Zp-basis of M , an element of M is of the form m
x1
1 . . .m
xN
N for
some xi ∈ Zp. The log function is then given by
log :M ✲ M,
mx11 . . .m
xN
N
✲ (x1, ..., xN ).
We remark that this corresponds to the inclusion of groups M →֒M. Again, let δ
be a topological generator of ∆, and denote by c(δ) the action by conjugation on
M : If δ˜ is any lift of δ to Hw and m ∈M , then c(δ)(m) = δ˜mδ˜−1. If Lc(δ) denotes
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the induced action on M, then the following diagram commutes:
c(δ) : M ✲ M
Lc(δ) M
❄
✲ M
❄
Now Lc(δ) is Qp-linear, so if we consider our Zp-basis of M as a Qp-basis of M,
then Lc(δ) ∈ Aut(M) is also represented by Φ. The adjoint representation of ∆ is
therefore given by
Ad : ∆ ✲ Aut(M),
δx ✲ Φx.
By definition, ad = LAd,where
LAd : D ✲ LAut(M).
Since M = QNp , we have Aut(M) = GLN (Qp), and so LAut(M) = End(M) =
MN(Qp) with respect to the chosen Qp-basis of M. For a matrix A = (aij) ∈
MN(Qp), define
|A| = sup
i,j
|aij |.
This norm is compatible with the topology on MN(Qp), and
MN (pZp) = {A ∈MN (Qp) : |A| < p−
1
p−1 }.
As shown in [1], we therefore have the exponential function
exp :MN (pZp) ✲ 1 +MN (pZp),
A ✲ Σn≥0
An
n!
,
which is an analytic isomorphism of p-adic analytic manifolds with inverse
log : 1 +MN(pZp) ✲ MN(pZp),
A ✲ Σn≥1(−1)n+1 (A− 1)
n
n
.
As observed before, we have D = Qp with trivial Lie bracket, and the log-function
on ∆ is given by
log : ∆ ✲ D,
δx ✲ x.
By the same argument as above, this allows us to identify ∆ with a subgroup of
M, i.e. the log-function is the inclusion map ∆ →֒ D. We have the commutative
diagram
Ad : ∆ ✲ 1 +MN (pZp)
ad : D
❄
✲ MN(pZp)
log
❄
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Recall that by assumption, we have Φ ∈ 1+MN(pZp). Identifying ∆ with its image
inD, it follows that ad(δ) is represented by the matrix log(Φ) = Σi≥1(−1)n+1 (Φ−1)
n
n .
Now ad is Qp-linear, so if x ∈ D = Qp, then
ad(x) = x log(Φ).
It follows that the action of D on M is diagonizable over Q¯p, and the eigenvalues
{µi} of ad(δ) are the p-adic logarithms of the eigenvalues of c(δ) acting on M .
Observe that µi 6= 0 for all i since the eigenvalues of c(δ) are Weil numbers and
hence cannot be roots of unity.
LetK be a finite extension of Qp over which log(Φ) is diagonizable. For a Qp-vector
space W , let WK =W ⊗Qp K. It is well-known that
Hi(HK ,K) = H
i(H,Qp)K
for all i. It is therefore sufficient to show that Hi(HK ,K) = 0 for all i ≥ 2. (Recall
what we are trying to prove!) Tensoring (13) with K gives short exact sequences
0 ✲ H1(DK , Hi−1(MK ,K)) ✲ Hi(HK ,K) ✲ Hi(MK ,K)DK ✲ 0
for all i ≥ 2. Here, the action of DK on MK is the natural extension of the
action of D on M that we have analysed above, so it is diagonizable. Decompose
MK = M1⊕· · ·⊕MN as a direct sum of eigenspaces, and denote by µi the eigenvalue
of δ acting on Mi. Identifying DK with K, we have shown that an element k ∈ DK
acts on Mi as multiplication by kµi = k log(αi), where αi is a Weil number of
absolute complex value q−1. For 0 ≤ j < N , let H>j = H/Mj+1 ⊕ · · · ⊕MN .
Claim (I). Let X ∼= K such that (i) Mn acts trivially on X for all 1 ≤ n ≤ j, and
(ii) k ∈ DK acts on X as multiplication by k log(α),where α is a p-adic unit and
Weil number of complex absolute value qs for some s > 0. Then Hi(Hj , X) = 0 for
all i ≥ 0.
To prove the claim, we will use repeatedly the following observation: Let G be a
1-dimensional Lie algebra over a field K, and suppose that G acts nontrivially on
a 1-dimensional K-vector space V . Then V has trivial G-cohomology.
Proof of Claim I. We procede by induction on j:
j = 1: The case when i = 0 is clear. Suppose that i > 1. Now dim(M1) = 1, so
Hochschild-Serre gives an exact sequence
0 ✲ H1(DK , X) ✲ H1(H>1, X) ✲ H1(M1, X)DK ✲ 0
and isomorphisms
Hi(H>1, X) ∼= Hi−1(DK , H1(M1, X))
for all i ≥ 2. Now dim(DK) = dim(H1(M1, X)) = 1 and k ∈ DK acts on
H1(M1, X) as multiplication by k log(ααi). Now ααi is a Weil number of complex
absolute value q1+s, so log(ααi) 6= 0 and hence the DK-cohomology of H1(M1, X)
is zero by above observation.
Let 1 < j ≤ N and suppose the claim holds for j − 1. Now dim(Mj) = 1, so again
Hochschild-Serre gives an exact sequence
0 ✲ H1(H>j−1, X) ✲ H1(H>j , X) ✲ H1(Mj , X)H>j−1
✲ . . .
Hj(H>j−1, X) ✲ Hj(H>j , X) ✲ Hj−1(H>j−1, H1(Mj , X)) ✲ 0
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By hypothesis, Hi(H>j−1, X) is zero for all i ≥ 0. Now Mn acts trivially on
H1(Mj , X) for all 1 ≤ n < j, and k ∈ DK acts on it as multiplication by k log(ααj).
As observed before, ααj is a Weil number of absolute complex weight q
1+s, so the
action is nontrivial and hence H1(Mj , X) satisfies conditions (i) and (ii) above. By
induction hypothesis, it then follows that Hj−1(H>j−1, H
1(Mj , X)) is zero for all
i ≥ 0, which proves the claim. 
Claim (II). For all 1 ≤ j < N , we have Hi(Hj ,K) = 0 for all i ≥ 2.
Proof of Claim II. Again, we procede by induction on j.
j = 1: We have dim(H>1) = 2, so it is sufficient to prove that H
2(H>1,K) = 0.
Hochschild-Serre gives an exact sequence
H2(DK ,K) ✲ H2(H>1,K) ✲ H1(DK , H1(M1,K))
which proves the result using claim I.
For 1 < j ≤ N , the result is proved using Hochschild-Serre and the result of
claim I. This finishes the proof of claim II and also of the proposition. 

As a corollary, we get the following proposition which gives a new proof of
Proposition 2.12 in [21], using the standard argument as in A.2.9 in [7].
Proposition 5.6. Let v be a prime of F diving p where E has good ordinary
reduction, and let w be a prime of F cyc dividing v. Assume that A has good ordinary
reduction at v. Then Hi(Hw, E˜v,p∞(k∞,w)) is finite for all i ≥ 0.
Proof. Suppose that E˜v,p∞(k∞,w) is finite. Let R be an open normal pro-p sub-
group of Hw. It is well-known (c.f. the proof of Proposition 4.2 in [21]) that
then Hi(R, E˜v,p∞(k∞,w)) is finite for all i, and we deduce the finiteness of the
Hi(Hw, E˜v,p∞(k∞,w)) from the Hochschild-Serre spectral sequence
Hp(Hw, H
q(R, E˜v,p∞(k∞,w)))⇒ Hp+q(Hw, E˜v,p∞(k∞,w)).
Suppose now that E˜v,p∞(k∞,w) is infinite. We will use without comment the no-
tation of the proof of the previous proposition. Let Tp(E˜v,p∞) denote the Tate
module of E˜v,p∞ , and let V = Tp(E˜v,p∞) ⊗Zp Qp. It is sufficient to prove that
Hi(Hw, V ) = 0 for all i ≥ 0. Now δ acts on V as multiplication by some p-adic unit
ν, which is a Weil number of absolute complex weight q1/2. As before, let K be a
finite extension of Qp over which Φ is diagonizable. Then it is sufficient to show
that Hi(HK , VK) = 0 for all i ≥ 0. The proposition now follows from applying
Claim I of the proof of Proposition 5.5 to the HK module VK . 
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